


Lecture 1
. Positivity principle

4) - All +V6)u = 9- G) in D - Sehr dinger equation
DE1R

" ( N >2) - domain = open ,
connected set

Examples : D= IR
"

or IR2
,
1PM {°}

,
THIR

Bp (x) - open eoaee , BR - Bp (o)

- DU - ¥, u = 5- - Hydrogen atom mode@
Assume ✓ e- LE:(D)
9- e- LI
,
(D)⇒ 515-1 P < a FBI G) aD

Brot)



9- e- L'
eoe (D)

✓ = V
"
- V
-

,
V+ =

max { V , o} - positive part
V
-

= -min {V10 } = 0 - negative
-

part

tieoe (D) = { a c-LW8) / Strut -151nF < as
,

BR4) BR1A
Bikes }



Weak solution of ( *) is

a e- HI
,
(8) n L 'e•c (8

,
Vdx) and

Source + 5 Vtxuu = 9 9- a
8 or

tie E- HI (D)nl:(d)

Reasoning : he e- C- (D) ☒ et ee• (D)

F-



Weak sub / super solution if :

Source +5 Vue a- I > 5 9- a tote e- tied:(8)
✓ Tub Taper

Éidi:É%e ,s a

↳ He e- (D)



Variational point of view :

Ev (a) = { § trial
> +9 V6)u2 -9 9- G)u
or a

- the
energy

that corresponds to 4)
at a

Directional derivative of Ev in direction Q is

£ E (u + tie) /⇐ • = fig Elu+t%-E→ =

ESource +5Vue -99-4 = 0 is
a R R

U is a minimum
Hue c :(D)



Regularity ( Coiebarg -Tradinger)
i. Local regularity

→u+V(×)u=f >
9-Yet!:{ (8)

⇒ uec¥(D) - ou iseoea.ly Harder

2. weak Harnack inequality
- ou + V4)u=o in D

,
VELI:(D)

① U 70 .

⇒ if u = In § U

BR1H
pop,

)
KIRK)eD

⇒ 1- ELE



AAP ( Agnon - Allegretto -Piepenbriuk positivity
principle)

Theorem ( AAP - principle) Assume 7>-0
.

If 7k¥ > 0 in a such that

- All * +V( ×)u* = 9- G)
'

in @ then

Eula) > 5k¥
>

uxi + 9£
,

it V-eec.IR)
Ryo to

Corollary ( nonexistence principle) 8--0

Assume I a. c- C? (8) such that Eu (e) < 0 .

⇒ there is no positive supersolutions
to ⇒ .



Hydrogen example : flout
>
-SITE

÷f
IF Evlu) > 0
EA ] We

may hope to find
a minimize for Eu
⇒ asoeutioutocx)

.¥



⑨ Assume U* >0 is a supersad . of (*) and 8=0 .

Take 4 = ¥* as a test 9-unction, to e-CE1B
☐ 4 = ☐ (Wuxi) = zone uxi + Itu? a) =
= 2¥ ☐ Q - ¥; 0¥
Yet ¥s EH'eoe

- we can use if as a test function



I u*☐Y+9Vu*µ =

⇒ 2•u*•e¥, -91%12%-2 + 9Vu*•¥
(since uxiisasupersoe .) 7984K¥ (**)



§ ↳up + V42 - S lo ¥ I
>

uÉ =

= float +Ve' - 541*1--2%4 9¥ +ñ%¥⇒ uI =
=5¥ +Ve

'

-5¥ - aerie %÷
,
+ a"%¥ =

by (**) = 5 9- v2
.

⇒ Shot + the' = 9 ↳ ¥12 uni + If e-
↳ ☐%



Elementary proof of Hardy inequality ;

S Hat > CH5 ¥, > the e- CE4R ')
IR
"

R
"

N =3

⇐:÷:÷÷:÷:÷÷::-⇒,
The correspondingSehrodinger@qn.isa -9¥ u = 0 .

We only need to find U* > 0 !



Take U*= 1×1
-¥

.

Deeaee "

radial
"

representation of - D:

- ☐ ulr) = - Éu( r) - ¥£u(r)
IF u*( r) - r

- E.
,

r= 1×1 then

→ U* = (N-É→ = (E)
'

r
-2

u*
U*

⇒ - aux - (E)
'

u*=o in 1121%3
but u*=r

-

* HE (B)
⇒ Compute ☐U* and see that I look*f- +a

Bi



£518T ( r -E)f r" dr =D loud ?
°

÷
B1

Exercise :
compute this !

What we actually proved is that

f. but = Ct § YÉ V-ue.CI (112%33)
Is the inequality valid for aee uec:(A)?


